Abstract. Derived equivalences of twisted K3 surfaces induce twisted Hodge isometries between them; that is, isomorphisms of their cohomologies which respect certain natural lattice structures and Hodge structures. We prove a criterion for when a given Hodge isometry arises in this way. In particular, we describe the image of the representation which associates to any autoequivalence of a twisted K3 surface its realization in cohomology: this image is a subgroup of index one or two in the group of all Hodge isometries of the twisted K3 surface. We show that both indices can occur.
Introduction
Let X be a K3 surface. Although the diffeomorphism group of X remains a mysterious object, it is partially understood via its cohomology representation. To elaborate, the intersection pairing gives a lattice structure of signature (3, 19) on H 2 (X, Z). Denote by O H 2 (X, Z) the orthogonal group of this lattice. We obtain a representation
by associating to each diffeomorphism its action on cohomology.
Results of Borcea and Donaldson [Bor86, Don90] completely describe the image of this representation. Let V ⊂ H 2 (X, R) be a maximal positive-definite subspace. Composing an isometry ϕ ∈ O H 2 (X, Z) with the orthogonal projection onto V gives an isometry of V . We call ϕ signed if it induces orientation-preserving isometries on one, or equivalently every, maximal positive-definite subspace of H 2 (X, R); cf. Definition 2.3. The image of Diff(X) → O H 2 (X, Z) is the group of signed isometries, which we denote by O + H 2 (X, Z) . Let D(X) be the bounded derived category of coherent sheaves on X. Mirror symmetry suggests a similar picture for the group of autoequivalences of D(X); cf. [Sze01, Conj. 5.4] . From here on, assume that X is projective, in which case every autoequivalence of D(X) is a Fourier-Mukai transform [Orl97, Thm. 2.2].
In [Muk87] , Mukai finds an analog of the above cohomology representation for Aut D(X) . The Mukai lattice of a K3 surface X is the pure Hodge structure of weight 2 H(X, Z) := H 0 (X, Z)(−1) ⊕ H 2 (X, Z) ⊕ H 4 (X, Z)(1), together with a lattice structure of signature (4, 20) given by the Mukai pairing
Mukai constructs a representation
Aut D(X) → O H(X, Z) , which associates to every Fourier-Mukai equivalence Φ P ∈ Aut D(X) a cohomological realization Φ H P . Work of various authors [HLOY04, Plo05, HMS09] shows that the image of this representation is the group O + H(X, Z) of signed Hodge isometries, which is defined as before. See [Huy16, §16.3] for details.
Our results. In this note, we describe the image of Aut D(X, α) → O H(X, B, Z) . As in the untwisted case, every autoequivalence is of Fourier-Mukai type [CS07, Thm. 1.1]. Thus, it suffices to describe the cohomological realizations of twisted Fourier-Mukai equivalences. We do this more generally for possibly different Fourier-Mukai partners.
For every K3 surface X and B ∈ H 2 (X, Q), we can make natural choices of compatible orientations on all maximal positive-definite subspaces of H(X, B, R); see Example 2.2. An isometry between two twisted Hodge structures is called signed if the induced map on positive-definite subspaces is orientation-preserving; see Definition 2.3. Huybrechts and Stellari show that every signed Hodge isometry lifts to a twisted Fourier-Mukai equivalence [HS06, Thm. 0.1]. We prove the converse. In particular, Theorem A gives a new argument for the untwisted statement, which was treated in [HMS09] . It avoids the passage to rigid-analytic varieties and instead relies on the twisted theory. The proof of Theorem A, which makes up the bulk of this paper, is outlined below. It uses in an essential way that we allow for different Fourier-Mukai partners. Theorem A and [HS06, Thm. 0.1] together imply the following strong form of the derived global Torelli theorem for twisted K3 surfaces. As a corollary, we obtain a complete description of the image of the cohomology representation of Aut D(X, α) .
Theorem B. In the notation of Theorem A, a Hodge isometry ϕ : H(X,
B
Corollary C. The image of Aut D(X, α) → O H(X, B, Z) is the subgroup of signed Hodge isometries O + H(X, B, Z) .
In another direction, we discuss in §2 the index of the image in Corollary C. In the untwisted setting, the index of O + H(X, Z) in O H(X, Z) is always 2 because id (H 0 ⊕ H 4 )(X,Z) ⊕−id H 2 (X,Z) is a non-signed Hodge isometry; see Example 2.4. The twisted setting is more involved: even though O + H(X, B, Z) is still of index at most 2 in O H(X, B, Z) , the isometry id (H 0 ⊕ H 4 )(X,Z) ⊕ − id H 2 (X,Z) does in general not preserve twisted Hodge structures.
In Lemma 2.7, we formulate a sufficient condition for the existence of a non-signed Hodge isometry. If X has Picard rank at least 12, this condition is satisfied and the index is 2; see Corollary 2.8. However, Theorem D below shows that the index is often 1 for small Picard rank. The integral cohomology of any K3 surface is isometric to the K3 lattice Λ. Thus, after the choice of a marking θ : In fact, we can do better: in Theorem 2.14, we state an explicit, lattice-theoretic condition for when a given B ∈ Λ Q satisfies the conclusion of Theorem D. For concrete choices of B, many of the computations involved in checking this condition can be read off of [MM09, Thm. VII.12.1-4].
Outline of the proof of Theorem A. In [HMS08, Cor. 3.19 ], Theorem A is proved under the additional assumption that D(X, α) and D(X ′ , α ′ ) do not contain any object E with Ext * (E, E) ≃ H * (S 2 , C). Such objects are called spherical. We reduce Theorem A to this special case. To do so, we find in §5 a deformation of (X ′ , α ′ ) whose very general fiber does not have any spherical objects. After passage to anétale neighborhood on the base, we can construct deformations of (X, α) and P ∈ D(X × X ′ , α −1 ⊠ α ′ ) which match the deformation of (X ′ , α ′ ); see §3 and §4.1. Finally, we observe that the induced Hodge isometries on the fibers of these deformation families stay locally constant ( §4.2) and use [HMS08, Cor. 3 .19] to conclude.
To obtain the deformation of (X ′ , α ′ ), we use the moduli space M d [n] of primitively d-polarized K3 surfaces with level-n structure. When n is large enough, any B ′ ∈ Λ Q determines a Brauer class on the universal family of M d [n] over anétale neighborhood of X ′ ; see §5.2. With a suitable choice of B ′ , the universal family together with this Brauer class is a deformation of (X ′ , α ′ ). However, for some B ′ the twisted derived category of every K3 surface in this family contains spherical objects. For instance, when B ′ = 0, the structure sheaf is a spherical object in the untwisted derived category of every K3 surface. Thus, we cannot expect to find ourselves in the situation of [HMS08, Cor. 3 .19] after a single deformation process.
We get around this problem by performing two deformations. Fix a level structure on X ′ and B ′ ∈ Λ Q such that the induced Brauer class on X ′ is α ′ . First, we construct infinitely many B m ∈ Λ Q and infinitely many distinct reduced, effective divisors Z m on M d [n]. On each K3 surface which corresponds to a point of Z m , the Brauer classes induced by B ′ and B m are equal. Furthermore, the B m induce Brauer classes on the universal family for which a very general fiber does not have any spherical objects. As the union Z m is Zariski-dense in M d [n] , it meets everý etale neighborhood of the initial surface X ′ . Thus, we can reach it using the deformation of (X ′ , α ′ ). From there, we perform a second deformation with some B m to arrive at a twisted K3 surface whose twisted derived category does not contain any spherical objects. For details, see §5.3.
Let us offer a small glimpse of the methods involved in finding the matching deformations of (X, α) and P , which generalize the methods of [LO15] . Let sTw X ′ /C be the coarse moduli space of simple, α ′ -twisted complexes on X ′ ; see §3.1. In §3.2, we reinterpret P as an open immersion µ P : X ֒→ sTw X ′ /C . Any given deformation of (X ′ , α ′ ) over a base scheme S formally produces a deformation of sTw X ′ /C over S. Asμ P is an open immersion, it has a canonical deformation over each infinitesimal neighborhood in S. After changing the Fourier-Mukai partners in an initial reduction ( §5.1), we can use the algebraicity of a suitable Hilbert stack ( §3.3) to deformμ P over anétale neighborhood U → S; see §4.1.
Notation and conventions.
Throughout the paper, we work over the ground field C. We denote the category of perfect complexes on a scheme X by D(X); the same notation is used for twisted schemes, algebraic spaces, algebraic stacks, complex manifolds, and differentiable manifolds. We denote a Fourier-Mukai transform with kernel P by Φ P .
We now introduce some lattice-theoretic notation. The precise definitions of all following objects can be found in, say, [Huy16, Ch. 14] . A lattice L is a free Z-module of finite rank together with a non-degenerate symmetric bilinear form with values in the integers. The dual lattice of L is
For any a ∈ Z {0}, we denote the lattice of rank 1 with intersection matrix (a) by a . The K3 lattice is Λ := E 8 (−1) ⊕2 ⊕ U ⊕3 , a direct sum of hyperbolic planes U and twists of the E 8 -lattice. We denote the canonical basis vectors of the three copies of U by e i and f i , for i = 1, 2, 3. The extended K3 lattice Λ := Λ ⊕ U contains an additional hyperbolic plane with basis vectors e and f . The period domain associated with Λ is D := {x ∈ P(Λ C ) | (x.x) = 0, (x.x) > 0}.
For any d ∈ Z >0 , we obtain d-polarized versions of the above notions by intersecting with the orthogonal complement of the primitive integral class ℓ : We define the following ring structure on Λ to mimic the cup product on singular cohomology:
The "exponential" of a given B ∈ Λ C is exp(B) := e + B + 
Hodge theory of twisted K3 surfaces
This section describes the Hodge structures and Hodge isometries that can arise on twisted K3 surfaces. Since it is, by and large, independent from the rest of the paper, the reader who is mainly interested in the proof of Theorem A may jump directly to §3 and refer back as needed.
The essential tool is the lattice theory developed by Nikulin [Nik79] and Miranda-Morrison [MM09] . Its basic notions are reviewed in the next subsection. In other words, given two positive-definite subspaces W , W ′ of L R of maximal dimension s + , the orthogonal projection W → W ′ is an isomorphism. A positive sign structure is a choice of orientation on each such subspace W that is compatible with these isomorphisms. Example 2.2. Let (X, α) be a twisted K3 surface. Let B ∈ H 2 (X, Q) be a B-field lift of α. Choose a holomorphic two-form σ ∈ H 2,0 (X) and a Kähler class ω ∈ H 1,1 (X). The natural positive sign structure on H(X, B, Z) is the connected component of Gr 
In the literature, positive sign structures are also called orientations of the positive directions and signed isometries are those that preserve the orientation of the positive directions.
The next example is crucial for §5.1.
Example 2.4. Let X be a K3 surface with holomorphic form σ ∈ H 2,0 (X), Kähler class ω ∈ H 1,1 (X), and B-field B ∈ H 2 (X, Q). Then the isometry 
Thus, id H
We now give an alternative description of O + (L).
Definition 2.5. Let K be a field of characteristic = 2, V a vector space over K, and ( . ) a symmetric bilinear form on
By the Cartan-Dieudonné theorem, every isometry is a composition of reflections. We can extend spin uniquely to a homomorphism
which we call the spinor norm.
Theorem 2.14). Proposition 2.6 below reduces this to a purely local computation. Before we can state the precise criterion, we need to introduce additional notation.
For all primes p ∈ N, let
Let furthermore
Lastly, set
and define
The next proposition is folklore among experts.
Proposition 2.6. Let L be a non-degenerate, indefinite, even lattice of rank at least 3. Then
On the other hand, as L is indefinite of rank at least 3,
2.2. Large Picard rank. Twisted Hodge structures of K3 surfaces with Picard rank at least 12 always admit a non-signed Hodge isometry.
Lemma 2.7. Let X be a K3 surface and B ∈ H 2 (X, Q). Assume there exists a hyperbolic plane
, Z). Then H(X, B, Z) admits a non-signed Hodge isometry.
Proof. Using H 1,1 (X, B, Z) = U ⊕U ⊥ , we find the non-signed isometry id U ⊥ ⊕−id U of H 1,1 (X, B, Z).
, it can be extended to a non-signed We will see now, however, that the converse of Lemma 2.7 does not hold.
Then we can find a K3 surface X and
Using the Baire category theorem, we can even ensure that L = p ⊥ ∩ Λ. This defines the following Hodge structure of K3 type on Λ:
Let y ∈ L with (x.y) = 0. Then the sublattice spanned by x and (x.y)y − (y.y) 2 x is a twisted hyperbolic plane with intersection matrix
. Thus, [Huy17, Lem. 2.6] shows that there is a complex K3 surface X and B ∈ H 2 (X, Q) for which H(X, B, Z) is isometric to the Hodge structure on Λ defined above. In particular,
finite index. Therefore, we can find M ∈ Pic(X) with (M ) 2 > 0. As a consequence of Grauert's ampleness criterion for surfaces, X is projective.
Remark 2.10. Any even, non-degenerate lattice L of rank 5 ≤ rk L ≤ 12 and signature (2, rk L − 2) satisfies the assumptions of Proposition 2.9 by Meyer's theorem.
Example 2.11. By Proposition 2.9, there is a K3 surface X and B ∈ H 2 (X, Q) such that 
From here on, we suppress the ample line bundle from the notation. All marked, primitively dpolarized K3 surfaces are parameterized by a fine moduli space N d , which is a 19-dimensional complex Hausdorff manifold. Thanks to the local and global Torelli theorem, we can describe N d explicitly using periods. Let 
Write B = B + η 1 e 1 + η 2 f 1 with B.e 1 = B.f 1 = 0 and η 1 , η 2 ∈ Q, and put B ′ := B − η 1 ℓ.
Lemma 2.12. The intersection matrix of the lattice L B d is given by
, and c :
Proof. Denote the standard basis vectors of U in the decomposition Λ = Λ ⊕ U by e and f . Then
Using this basis, we obtain the intersection matrix in the statement.
Remark 2.13. All possible combinations of a ∈ Z >0 and b, c ∈ Z can occur. Indeed, if e 2 and f 2 denote the standard basis vectors of a second hyperbolic plane in Λ, then a given set of such a, b, and c is attained by B :=
In what follows, we say a property holds for a very general point of a complex manifold if it holds outside countably many closed submanifolds of positive codimension.
Theorem 2.14. Let B ∈ Λ Q . The following are equivalent:
(1) a very general point of N d corresponds to a marked K3 surface (X, θ) for which all twisted Hodge isometries ϕ : Proof. Let ψ ∈ O Λ . Then ψ induces a linear map P(ψ) on P Λ C . We denote the set of fixed points of P(ψ) by Fix P(ψ) .
Let X be a primitively d-polarized K3 surface with marking θ :
is a Hodge isometry if and only if p ∈ Fix P(ψ) .
We have an eigenspace decomposition
where λ runs through all eigenvalues of ψ C . Hence, the locus of B-twisted periods for which ψ is a Hodge isometry is Eig(ψ C ; λ) for all non-signed isometries ψ ∈ O( Λ) and all eigenvalues λ of ψ C .
On the other hand, whenever Λ B dC ⊆ Eig(ψ C ; λ) for some ψ and λ, we have λ = ±1 because ψ ∈ O Λ and Λ B dC is non-isotropic. Since − id Λ is signed, (1) holds if and only if every
The statement now follows from Proposition 2.6. 
As Σ
If there is a prime p such that p | g 1 and p ≡ 3 mod 4, [MM09, Thm. VII.12
In that case, Theorem 2.14 shows that a very general marked, primitively d-polarized K3 surface does not admit any non-signed twisted Hodge isometries. Rmk. 2.13 yields the assertion.
The moduli space of twisted perfect complexes
The next two sections set up the deformation theory for the Fourier-Mukai kernel P from Theorem A. First, we discuss some preliminaries.
3.1. Twisted complexes and gerbes. Let X be a noetherian algebraic space and α ∈ H 2 (X, G m ). We recall one possible construction of the category of α-twisted sheaves on X. Choose a G m -gerbe X over X whose associated cohomology class is α. The inertia stack of X induces a G m -action on every sheaf F on X . When F is quasi-coherent, it has a weight decomposition Consequently, the category of quasi-coherent sheaves on X has an orthogonal decomposition into full subcategories of sheaves of pure weight. Passing to derived categories, we obtain a similar orthogonal decomposition of D(X ) into subcategories of perfect complexes of pure weight. An α-twisted (or X -twisted) quasi-coherent sheaf is a quasi-coherent sheaf F on X with F = F (1) ; similarly for perfect complexes.
Work of Toën-Vaquié [TV07] and Toën [Toë12] shows that twisted perfect complexes are parameterized by a locally geometric, locally finitely presented derived stack. In order to avoid derived objects, we restrict to complexes without higher automorphism groups.
Definition 3.1. Let S be a noetherian scheme and X → S be a smooth and proper morphism of schemes. Let X be a G m -gerbe over X whose associated cohomology class in H 2 (X, G m ) is torsion. We define Tw X /S to be the fibered category of X -twisted perfect complexes: its fiber Tw X /S (T ) over a scheme T → S consists of all perfect complexes E ∈ D(X × T ) such that (i) E has pure weight 1 and (ii) Ext i (E t , E t ) = 0 for all i < 0 and all points t ∈ T , where E t denotes the fiber of E over t.
As explained above, the Ext groups computed in the category of twisted perfect complexes and in the category of all perfect complexes on X are equal. Remark 3.3. Strictly speaking, [Toë12, Rmk. 5.6] mentions µ n -gerbes, not G m -gerbes. However, as the cohomology class associated to X is torsion, the category of (quasi-)coherent sheaves twisted by X is equivalent to the category of (quasi-)coherent sheaves twisted by a suitable µ n -gerbe, and likewise for perfect complexes; cf. [Lie08, Lem. 3.1.1.12]. Remark 3.5. In place of (ii) in Definition 3.1, [TV07] demands that
for all i < 0 and all affine morphisms g : U → T . Yet, the following argument shows that (ii) implies this seemingly stronger condition.
, it suffices to deduce from condition (ii) that Rf U * RHom(E U , E U ) is concentrated in non-negative degrees. Since E is perfect, [SGA6, Exp. I, Prop. 7.1.2] and base change for (untwisted) complexes along Tor independent maps show that
Via [SP17, Tag 0BCD], the assertion reduces to Rf
By the reverse argument, this is tantamount to Ext i (E t , E t ) = 0 for all i < 0 and all t ∈ T .
Remark 3.6. The diagonal of Tw X /S is quasi-compact. This follows directly from [TV07, §3.3].
We focus on a substack of complexes that is fibered as a G m -gerbe over an algebraic space.
Definition 3.7.
A complex E ∈ Tw X /S (T ) is called simple if the natural map of fppf sheaves G a,T → End(E) is an isomorphism. We denote the full subcategory of Tw X /S whose objects are all simple complexes by sTw X /S .
By the infinitesimal lifting criterion, the inclusion Tw X /S ⊂ sTw X /S isétale and hence an open immersion. Let I → sTw X /S be the inertia stack of sTw X /S . As the natural map G m → I is an isomorphism, rigidification [ACV03, Thm. 5.1.5] makes sTw X /S into a G m -gerbe sTw X /S → sTw X /S over an algebraic space sTw X /S , the coarse moduli space for sTw X /S ; cf. also [TV07, Cor. First, choose G m -gerbes X → X and X ′ → X ′ that represent α −1 and α ′ . Just as in §3.1, P can be identified with a perfect complex of weight (1, 1) on the
Lemma 3.8. Let π and π ′ denote the projections from X × X and X × X ′ onto the first factor, respectively. Then convolution with P is a quasi-isomorphism
Here, O ∆ X is regarded as an α −1 ⊠ α-twisted sheaf on X × X. Note that both internal Hom complexes are naturally untwisted.
Proof. By base change along Tor independent maps, it is enough to prove that on each fiber over a closed point x ∈ X,
is an isomorphism. This follows from the full faithfulness of Φ P .
More conceptually, Lemma 3.8 is a consequence of the existence of twisted Hochschild cohomology. We now prove a twisted analog of [LO15, Lem. 5.2(i)].
Lemma 3.9. The Fourier-Mukai kernel P defines a morphism µ
Proof. We must verify that (f × id X ′ ) * P meets the conditions of Definition 3.1 for any f : T → X . As P has weight (1, 1), the pullback (f × id X ′ ) * P to the G m -gerbe T × X ′ → T × X ′ has weight 1. By Lemma 3.8, Ext i (X ′ ,α ′ ) (P x , P x ) = 0 for all i < 0 and all x ∈ X. Hence, P induces a morphism X → Tw X ′ /C . In fact, Lemma 3.8 shows that G a,T ∼ − → End (f × id X ′ ) * P for all f : T → X , so X → Tw X ′ /C factors through a unique morphism
Since X → X is the coarse moduli space, it is initial for morphisms to algebraic spaces. Therefore, the composition X Proof. The proof carries over directly from [LO15, Lem. 5.2(ii)], where it is given in complete detail. We use the full faithfulness of Φ P to check thatμ P is anétale monomorphism. For distinct closed points x, y ∈ X,
Hence,μ P (x) = P x andμ P (y) = P y are not isomorphic andμ P is a monomorphism.
Since sTw X ′ /C → sTw X ′ /C is a G m -gerbe, we have
The map on tangent spaces induced byμ P can be identified with the convolution with P
and is therefore an isomorphism. As X is smooth,μ P isétale.
3.3. The Hilbert stack. Quasi-finite morphisms to sTw X ′ /C such asμ P are classified by a Hilbert stack. The following will later provide a good framework for deformingμ P and thus P . 
. Given a deformation of (X ′ , α ′ ), we will need to find corresponding deformations of (X, α) and P . In view of §3.2, the deformation theory of (X, α) and P is closely linked to that of the moduli space of α ′ -twisted perfect complexes on X ′ . We begin with the latter.
Let f : X ′ → S be a family of polarized K3 surfaces over a noetherian base scheme S. Let X ′ → X ′ be a G m -gerbe whose associated class in H 2 (X ′ , G m ) is torsion. This defines the algebraic space sTw X ′ /S . The relative Picard functor for X ′ → S is represented by an algebraic space Pic X ′ /S , which is unramified over S, essentially because 
denote the trace morphism. Grothendieck duality for the untwisted complex RHom(E 0 , E 0 ) yields the following commutative diagram:
As E 0 is simple, the right arrow, and thereby also the left arrow, is an isomorphism. 
is the cohomology class associated to X ′ × S U ) with P u = P that induces a Fourier-Mukai equivalence on each fiber.
Proof. (i). Let
V /V for any V → S, and similarly sTw V and sTw 0 V . Since X ′ is regular and quasi-compact, H 2 (X ′ , G m ) is torsion by a theorem of Grothendieck. Thus, Theorem 3.2 applies.
As det(P x ) ≃ O X ′ for all x ∈ X closed, the open immersionμ P from Lemma 3.10 factors through someμ 0 : X ֒→ sTw 0 A 0 by the seesaw theorem. Moreover, for each n ∈ Z >0 , the inclusion sTw 0
An is given by the pullback of the nilpotent closed immersion Spec A 0 ֒→ Spec A n and is therefore a thickening. Hence, we can extendμ 0 to a compatible system of open immersions µ n : X n ֒→ sTw 0 An ; cf. [SP17, Tag 05ZP]. Since sTw 0 An is flat over Spec A n by Proposition 4.1, so too is X n . Furthermore, X n is proper over Spec A n because properness is preserved under infinitesimal deformations that are locally of finite type [SP17, Tag 0BPJ]. Consequently, we obtain a formal object of the Hilbert stack (μ n ) ∈ lim n HS sTw 0 S /S (Spec A n ). Since HS sTw 0 S /S is a locally finitely presented algebraic stack by Lemma 3.12, the effectivity in Artin's axioms guarantees the existence of a μ ∈ HS sTw 0 S /S Spec A restricting to (μ n ). We then use Artin approximation to find anétale neighborhood (U, u) → (S, s) andμ U ∈ HS sTw 0 S /S (U ) such thatμ U Spec A 0 ≃ μ Spec A 0 =μ 0 . Put differently, there is a proper, flat, and finitely presented algebraic stack X U over U , and a quasi-finite, representable morphism
which restricts toμ 0 over u. Asμ U is representable and sTw 0 U is an algebraic space, so too is X U . Since the fiber of X U over u is a K3 surface, f : X U → U becomes, upon replacing U by an open neighborhood of u, a family of K3 surfaces: the proof of this fact for the universal family over the Hilbert scheme given in [Huy16, Prop. 5.2.1] applies unchanged to any flat and proper morphism of locally noetherian algebraic spaces. Finally, we can pass to a further open neighborhood of u to ensure that U is quasi-compact and connected.
(ii). Define U , is torsion. Since P is a complex on X s × X ′ s of weight (1, 1), the map (p, µ P ) : X s → X × sTw C sTw C = (X U ) u is a morphism of G m -gerbes over X, thus an equivalence. As the identification of isomorphism classes of G m -gerbes with second cohomology classes of G m is functorial in the base space [Gir71, Cor. V.1.5.3], α −1 U pulls back to α −1 on (X U ) u . (iii). The projection X U → sTw U corresponds to a simple, perfect complex P on X U × X ′ U . The G m -gerbe structure on sTw U is such that the inertial action of X U on P comes from the natural map G m → Aut(P). Thus, P is of weight 1 with respect to X U . As P is, by definition, also of weight 1 with respect to X ′ U , we conclude
. By Grothendieck duality, the associated Fourier-Mukai transforms
respectively, for all closed t ∈ U . In the discussion preceding [LO15, Prop. 3.3], Lieblich and Olsson explicitly describe the corresponding adjunction maps. All steps in their constructions can be carried out for twisted sheaves and base scheme U and commute with base change to fibers over closed points of U . We obtain morphisms of complexes
whose fibers over all closed t ∈ U determine counit and unit of the above adjunctions. The same argument as in [LO15, Prop. 3 .3] then shows that Φ Pt is an equivalence if and only if η t and ε t are isomorphisms. After replacing U with an open subscheme, we may therefore assume that P induces fiberwise equivalences.
Action on cohomology.
We continue to work in the setup of Proposition 4.2. Via GAGA for algebraic spaces, we associate to U a connected complex manifold U an and to X U and X ′ U smooth, proper families of complex K3 surfaces f an : X an U → U an and f ′ an :
to α U and α ′ U . Analytification for separated Deligne-Mumford stacks locally of finite type over C [Toë99, Ch. 5] produces a perfect complex
. Following common misuse of notation, we will from here on omit the superscript "an."
We now explain how the action of the Fourier-Mukai kernel P on cohomology still exists in this relative, complex setting. First, as R 3 f * Z = 0 and α U is torsion, we can choose B ∈ H 0 (U, R 2 f * Q) such that the image of B under the fiberwise exponential map
coincides with the image of α U under the edge morphism
. We choose B ′ ∈ H 0 (U, R 2 f ′ * Q) in the same way. Let g : X U × X ′ U → U be the structure morphism. Next, we define a twisted Chern character ch
, which agrees with the one from [HS05, Prop. 1.2] on each fiber. Let t ∈ U . Pick an analytic neighborhood V of t such that (−B ⊞ B ′ )| V is represented by a class
After shrinking V if necessary, we may assume that exp(
because the sheaf C ∞ is fine and therefore acyclic. 
. By construction, the stalk at each point of V is the 
U )/U be the relative holomorphic tangent bundle. Define the relative Todd class
In fact, since X U → U and X ′ U → U are families of K3 surfaces, v
; this can be checked on fibers, where it follows from the discussion preceding [HS05, Prop. 4.3] .
Pullback of sections induces a unique map of δ-functors
Moreover, by Verdier duality, pullback along π X ′ U admits a dual pushforward map
The cohomological twisted Fourier-Mukai transform Φ H P associated to P is given by
It reduces to the usual twisted Fourier-Mukai transform for P t over each t ∈ U .
Proposition 4.3. The fiberwise cohomological realizations
U be the relative cohomology bundle for X U → U and Gr + 4 H → U its associated Grassmann bundle of positive-definite, oriented, 4-dimensional subspaces. Let H ′ and Gr + 4 H ′ → U be the corresponding bundles for X ′ U → U . As Φ H P is compatible with the relative Mukai pairing (
Choose a base point u ∈ U . The long exact sequence of homotopy groups for the fibration Gr
The first map is induced by the monodromy representation ρ :
Since U is connected, Gr + 4 ( H) must have two connected components, which correspond to the two connected components of Gr Pt is either signed for all t ∈ U or non-signed for all t ∈ U , depending on whether Φ Gr P maps the connected components of Gr 
Proof of Theorem A
We conclude with the proof of Theorem A, which establishes the strong form of the derived global Torelli theorem for twisted K3 surfaces (Theorem B).
Theorem A. Let (X, α) and (X ′ , α ′ ) be two complex, projective twisted K3 surfaces with B-field lifts B ∈ H 2 (X, Q) and
The strategy of the proof is explained in §1. Note that whether or not Φ H P is signed does not depend on the choice of B-field lifts.
5.1. Initial reduction. In order to employ the deformation theory of §4, we must first use [HS06, Thm. 0.1] to reduce to the case when det(P x ) ≃ O X ′ for all x ∈ X closed. Lemma 5.1. Let (X, α) and (X ′ , α ′ ) be two complex, projective twisted K3 surfaces with B-field lifts B ∈ H 2 (X, Q) and
Recall that id H 0 ⊕ H 4 ⊕ − id H 2 is always non-signed by Example 2.4.
Proof. The Hodge isometry
ψ : H(X, B, Z)
is signed. By [HS06, Thm. 0.1], we can therefore find a Fourier-Mukai equivalence Φ R : D(X, α) 
Proof. Arguing via contradiction, suppose Φ H P is non-signed. By Lemma 5.1, we may assume that
5.2. The deformation family. We now use the moduli space of primitively polarized K3 surfaces with level structure to construct a deformation family for ( As in §2.3, we use the period map to identify the moduli space of marked, primitively d-polarized K3 surfaces as
is the period domain associated with Λ d . We can choose n ∈ Z >0 such that the period
divides n and the congruence subgroup
is torsion-free [Bor69, Prop. 17.4]. Here, A Λ d denotes the discriminant group of Λ d andḡ denotes the automorphism of A Λ d induced by g. In that case, the natural action of Γ(n) on N d is free and properly discontinuous. The quotient
is the moduli space of primitively d-polarized K3 surfaces with level-n structure. By the Baily-Borel theorem [BB66] , it is a smooth, quasi-projective algebraic variety. Moreover, it is equipped with a universal family f ′ :
, a relatively ample line bundle on X ′ , and a universal level-n structure θ : R 2 f ′ * µ n ∼ − → Λ/nΛ, which as before is compatible with all structures. We write B ′ + k · f 2 − B m = η · ℓ + ζ m for some η ∈ Q and ζ m ∈ Λ dQ . Put In particular, the lattice ζ ⊥ m ∩ Λ d ⊂ Λ d has signature (2, 18) and P ζ ⊥ m is not contained in P δ ⊥ for any δ ∈ Λ d with (δ . δ) = −2. Thus, Proof of Theorem A. By Corollary 5.2, we may assume that det(P x ) ≃ O X ′ for all closed x ∈ X. We use the deformation family constructed in §5.2. By Proposition 4.2 applied to X ′ S → S, we can refine ρ by a further connectedétale cover (U, u) → (S, s) and obtain (i) a family of K3 surfaces X U → U with (X U ) u = X, (ii) a torsion class α to U ) with P u = P which induces an equivalence on each fiber. We now prove Theorem A in two steps.
Step 1: We make the additional assumption that the twisted derived category of a K3 surface which corresponds to a very general point of M d [n] (with twist induced by b ′ ) does not contain any spherical objects. Since the image of ρ : (U, u) → (M d [n], o) is open, we can find t ∈ U for which D (X ′ U ) t , (α ′ U ) t has that property. As Φ Pt is an equivalence, D (X U ) t , (α U ) t does not contain any spherical objects either. By [HMS08, Cor. 3.19] , Φ H Pt is signed. Thus, Proposition 4.3 shows that Φ H P = Φ H Po must also be signed.
Step 2: We reduce the general case to that of Step 1. As the union of infinitely many distinct, reduced, effective divisors is Zariski-dense and ρ(U ) is Zariski-open, we can choose z ∈ U and m ∈ Z >0 such that ρ(z) ∈ Z m . In particular, we can find a marking θ z on the K3 surface (X ′ U ) z for which θ −1 
